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Abstract
In [M.G. Eastwood, Complex methods in real integral geometry (with the collaboration of T.N. Baibey and
C.R. Graham), Proc. 16th Winter School “Geometry and Physics”, Srní, Circ. Mat. Palermo (2) Suppl. 46 (1997)
55–71] methods inspired by the smooth Penrose transform have been applied to construct isomorphisms between
the space of smooth sections of complex line bundles over RP3 and kernels (or cokernels) of differential operators
on smooth sections of vector bundles over Gr2(R4). The real blow up of CP3 along RP3 has been used as an
intermediate space, and smooth involutive cohomology groups on it have been identified in terms of data on RP3
and GR2(R4) respectively. Our aim in this paper is to extend these methods to the distribution category. We show
how the unified approach [A. D’Agnolo, P. Schapira, Radon–Penrose transform for D-modules, J. Funct. Anal.
139 (2) (1996) 349–382] of Penrose-type transforms which uses the abstract language of sheaves and D-modules
can be replaced in this particular situation by a concrete and simple argument.
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1. Currents and involutive structures
On a smooth real manifold M , EkM (or more shortly Ek) will denote the k-exterior power of the
complexified cotangent bundle of M and E˜M will denote the orientation bundle of M . If V →M is a
complex vector bundle over M the tensor product V ⊗ E˜M will be denoted V˜ .
We recall that a k-current on M (of dimension m) with values in V is a linear continuous map defined
on the space Γc(M,Em−k ⊗ V˜ ∗) of compactly supported m − k forms on M with values in V˜ ∗ (on
which we consider the uniform topology). The set of all k-currents on M with values in V will be
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denoted J k(M,V ) (or J k(M) when V is trivial of rank one). Most operations on forms extend by
duality to operations on currents compatible with the natural inclusion of forms in currents. For example
if η :F → Z is a fiber bundle there is a pull-back η∗ :J k(Z,V )→ J k(F, η∗V ) defined to be the dual of
the fiber integration on forms.
Recall now that an involutive structure on M is a complex sub-bundle E1,0 of E1 such that d(E1,0)⊂
E1,0 ∧ E1, and that for a E-compatible vector bundle V →M there is a complex (Γ (M,E0,∗ ⊗ V ), ∂¯)
which computes the smooth involutive cohomology H ∗(M,E(V )) of V , where E0,1 := E1/E1,0, E0,p :=
∧pE0,1 and the partial connection ∂¯ is an anti-derivation determined on E0,p by the exterior derivative on
forms. The distribution involutive cohomology H ∗(M,E ′(V )) of V is the cohomology of the induced
complex (J 0(M,E0,∗ ⊗ V ), ∂¯) at the level of currents. We note that the partial connection ∂¯ on
J 0(M,E0,k⊗V ) admits a simple description: via the isomorphism Em⊗ (E0,k)∗ ∼= En,m−n−k (where n is
the rank of E1,0 and En,m−n−k := ∧nE1,0⊗E0,m−n−k) it is the dual of the partial connection (on compactly
supported sections) which makes the bundle En,0 ⊗ V˜ ∗ compatible with the involutive structure E (see
[5, Theorem 2.26]).
2. Involutive cohomology and submanifolds
A submanifold Σ of the involutive manifold (Ω,E) is called strongly non-characteristic if
E1,0 |Σ ∩N∗ = {0},
where N∗ is the conormal bundle of the inclusion Σ ↪→Ω . In this section we shall prove the following
theorem. From [1, Section 3.6] it follows that this theorem is a particular case of [7, Formula 7.5].
Theorem 1. Consider (Ω,E) an involutive manifold and Σ a compact strongly non-characteristic
submanifold of codimension c in Ω . If V →Ω is a vector bundle compatible with the involutive structure
E then there is an isomorphism
H ∗−cΣ
(
Ω,E ′(V˜ ))∼=H ∗(Σ,A′(i˜∗V ))
where i :Σ ↪→Ω is the inclusion, H ∗Σ(Ω,E ′(V˜ )) denotes the distribution involutive cohomology with
support in Σ and A denotes the induced involutive structure on Σ .
Proof. When c= 1 there is an homotopy formula [3] which provides an inverse for the map
ρ :Hk
(V0,∗Σ (Ω,V )
)→Hk(Σ,A(i∗V ))
induced by the pull-back on forms, where V0,∗Σ (Ω,V ) is the quotient complex of (Γ (Ω,E0,∗ ⊗V ), ∂¯) by
the sub-complex of sections which vanish to infinite order along Σ . On the other hand, 0-currents on Ω
with values in E0,k ⊗ V˜ and with support in Σ are elements of the topological dual (V0,m−n−kΣ (Ω,En,0 ⊗
V ∗))′ where m is the dimension of Ω , n is the rank of E1,0 and on the space V0,m−n−kΣ (Ω,En,0 ⊗V ∗) we
consider the quotient topology (see [4, p. 71]). When c = 1 we take the homotopy formula mentioned
above, but with V replaced by En,0 ⊗V ∗, dualised at the level of currents. For c > 1 the proof follows by
an induction argument. ✷
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3. A Penrose type transform
Consider the double map (see [6, Lecture 3])
Ω˜
η τ
Ω X
where η is the real blow up of the connected n-dimensional complex compact manifold Ω along a totally
real, real analytic submanifold M of Ω , and τ : Ω˜→X is a fiber bundle with complex fibers of complex
dimension one, such that the complex structure of the typical fiber of τ is induced by its image in Ω .
Let Σ := η−1(M) and η0 the restriction of η to Σ . On Ω˜ we shall use the bundle Ê with the following
properties: it is trivial on Ω˜ \Σ and Ê |Σ = E˜Σ ⊗ E˜Ω˜ |Σ . A description of Ê using transition functions can
be found in [6, Lecture 1].
Consider V a holomorphic vector bundle over Ω . The tensor product Ê ⊗ V will be denoted V̂ . Our
extended transform follows the same steps as the smooth transform (see [6]).
For the pull-back step we need the following theorem. From [1, Section 3.6] one can see that this
theorem is a particular case of [7, Formula 10.19]. (See also [2].)
Theorem 2. Let E be the complex structure of Ω and A be the involutive structure on Ω˜ defined by
A1,0 := η∗(E1,0). There is an exact sequence
0→H 0(Ω,E(V ))→ J 0(M,V )→H 1(Ω˜,A′(η̂∗V ))→H 1(Ω,E(V ))→ 0
and isomorphisms
Hr
(
Ω˜,A′(η̂∗V ))∼=Hr(Ω,E(V ))
when 2 r  n− 2. When n is odd there is an exact sequence
0→Hn−1(Ω,E(V ))→Hn−1(Ω˜,A′(η̂∗V ))
→J 0(M, V˜ )→Hn(Ω,E(V ))→Hn(Ω˜,A′(η̂∗V ))→ 0.
Proof. Consider the short exact sequence
0→ J 0Σ
(
Ω˜,A0,k ⊗ η̂∗V )→ J 0(Ω˜,A0,k ⊗ η̂∗V )→ (O0,kΣ
)′ → 0
where O0,kΣ is the space of sections of A˜n,n−k ⊗ η̂∗V ∗ which vanish to infinite order along Σ and the
third map is the restriction. From Theorem 1 and the identification (via the pull-back on currents) of
the C distribution involutive cohomology on Σ (where C1,0 := η∗0(E1M)) with currents on M with values
in appropriate vector bundles (see [5, Section 4.2.1]) we obtain
HkΣ
(
Ω˜,A′(η̂∗V ))= J 0(M,V ⊗L)
when k = n (if n is even) or k = 1, where L is a line bundle on M which is trivial when k = 1. The other
cohomology groups are zero. From the long exact sequence in cohomology it follows that there is an
exact sequence
0→H 0(Ω˜,A′(η̂∗V ))→H 0((O0,∗Σ )′
)→J 0(M,V )→H 1(Ω˜,A′(η̂∗V ))→H 1((O0,∗Σ )′
)→ 0
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and isomorphisms
Hr
(
Ω˜,A′(η̂∗V ))∼=Hr((O0,∗Σ )′
)
for every 2 r  n− 2 and for r = n− 1, n when n is odd.
Similar considerations hold on Ω . Let O0,kM be the space of sections of the bundle En,n−k ⊗ V ∗ which
vanish to infinite order along M . Again from Theorem 1 we obtain isomorphisms
Hr
(
Ω,E(V ))∼=Hr((O0,∗M )′
)
for r < n− 1, and an exact sequence
0→Hn−1(Ω,E(V ))→Hn−1((O0,∗M )′
)→ J 0(M, V˜ )→Hn(Ω,E(V ))→Hn((O0,∗M )′
)→ 0.
There is an isomorphism (induced by the pull-back on forms) between the complexes (O0,∗Σ )′ and (O0,∗M )′.
We obtain an exact sequence
0→H 0(Ω˜,A′(η̂∗V ))→H 0(Ω,E(V ))→J 0(M,V )→H 1(Ω˜,A′(η̂∗V ))
→H 1(Ω,E(V ))→ 0
with the map
H 0
(
Ω,E(V ))→ J 0(M,V )
which is easily checked to be the restriction. Then H 0(Ω˜,A′(η̂∗V ))= 0 and the claim follows. ✷
The rest of the transform follows as in [6] (using the same filtrations but at the level of currents). For
the push down step we notice that the distribution involutive cohomology with respect to the involutive
structure D1,0 on F defined to be the annihilator of the τ -vertical vectors which are (0,1) vectors in the
complex structure of the fibers of τ is computed by currents on X with values in the same vector bundles
as in the smooth case (see [5, Section 4.2.3]).
The X-ray transform. There is a natural map from the real blow up of CP3 along RP3 onto Gr2(R4), with
the typical fiber CP1. For V → CP3 holomorphic vector bundle the extended transform from the previous
section identifies currents on RP3 with values in V with kernels (or cokernels) of differentials operators
on currents on Gr2(R4). These operators have already been identified in [6, Lecture 3] (except that here
they act on currents and not on smooth sections). We rediscover the results of [6] for distributions.
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